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A divisor d 2 Zþ of n 2 Zþ is said to be a unitary divisor of n if (d, n/d) ¼ 1.
In this article we examine the greatest common unitary divisor (GCUD)
reciprocal least common unitary multiple (LCUM) matrices. At first
we concentrate on the difficulty of the non-existence of the LCUM and we
present three different ways to overcome this difficulty. After that we
calculate the determinant of the three GCUD reciprocal LCUM matrices
with respect to certain types of functions arising from the LCUM
problematics. We also analyse these classes of functions, which may be
referred to as unitary analogs of the class of semimultiplicative functions,
and find their connections to rational arithmetical functions. Our study
shows that it does make a difference how to extend the concept of LCUM.
Keywords: GCD matrix; LCM matrix; unitary divisor meet semilattice;
semimultiplicative function; rational arithmetical function
AMS Subject Classifications: 06A12; 11A25; 11C20; 15A36

1. Introduction
Let S ¼ {x1, x2, . . . , xn} be a set of distinct positive integers and let f be an
arithmetical function. The greatest common divisor (GCD) matrix (S )f on S with
respect to f is defined as the n  n matrix whose ij entry is f evaluated at the GCD
of xi and xj, that is, the ij entry of (S )f is f((xi, xj)). The least common multiple (LCM)
matrix [S]f on S with respect to f is defined analogously.
In 1876 Smith [39] calculated det(S )f on factor-closed sets [39, (5.)] and det[S]f
in a more special case [39, (3.)]. For example, Smith showed that
det½ði, jÞ ¼ ð1Þð2Þ    ðnÞ,
where (i, j) is the GCD of i and j, and  is Euler’s totient function. Since Smith,
a large number of papers on this topic has been published in the literature. For
general accounts, see [1,16,17,22,36]. We assume that the reader is familiar with the
modern terminology of GCD and LCM matrices; see, e.g. [4,5,18,22,23,25].
Let f be an arithmetical function such that f(x) 6¼ 0 for all x 2 Zþ. We refer to the
matrix (S )f/[S]f whose ij entry is f((xi, xj))/f([xi, xj]) as the GCD reciprocal LCM
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matrix on S with respect to f. The matrix (S )f/[S]f is thus the Hadamard quotient of the
matrices (S )f and [S]f. The LCM reciprocal GCD matrix on S with respect to f is
defined analogously. Some results on eigenvalues, norms, determinants and inverses
of certain special cases of GCD reciprocal LCM matrices have been published in the
literature (see [12–14,19,24,28,30–33,41,43]) and some results on determinants and
inverses of certain special cases of unitary analogs of GCD reciprocal LCM matrices
also have been published in the literature (see [28,29,30,40]). Wintner [43] and
Lindqvist and Seip [24] apply deep analytic tools to obtain results on eigenvalues of the
GCD reciprocal LCM matrix [(i, j)/[i, j]]. Ilmonen et al. [19] note that latticetheoretic methods reveal some properties of eigenvalues of certain general meet and
join matrices, including meet reciprocal join matrices. Korkee [20] considers
determinants and inverses of meet reciprocal join matrices in a lattice-theoretic level
but he does not consider the unitary case. The purpose of this article is to investigate
the determinant of certain unitary analogs of GCD reciprocal LCM matrices in detail.
This theme may seem a very narrow field of research but it leads, however, to some
interesting questions in elementary number theory.
A divisor d 2 Zþ of n 2 Zþ is said to be a unitary divisor of n and is denoted by
d k n if (d, n/d) ¼ 1. For example, the unitary divisors of 72 (¼ 2332) are 1, 8, 9, 72.
If d k n, we also say that n is a unitary multiple of d. The greatest common unitary
divisor (GCUD) of m and n exists for all m, n 2 Zþ but, unfortunately, the least
common unitary multiple (LCUM) of m and n does not always exist. For example,
the LCUM of 2 and 4 does not exist. For details of GCUD and LCUM
problematics, see Section 2.1.
In this article we examine GCUD reciprocal LCUM matrices. In Section 2 we
concentrate on the difficulty of the non-existence of the LCUM. We go through three
different ways to overcome this difficulty. The first way is the elementary numbertheoretic formula presented in [10]. The second way is the lattice-theoretic approach
adopted in [21]. The third way has a bearing on topology and lattice theory. It has
not previously been presented in the literature.
In Section 3 we calculate the determinant of the three GCUD reciprocal LCUM
matrices with respect to f arising from the three different ways to extend the concept
of LCUM in Section 2. In each of these cases the expressions of the determinant
coincide but the function f belongs to different classes of arithmetical functions.
These classes are generated by the various ways to cope with the LCUM
problematics and may be considered appropriate unitary analogs of the class of
semimultiplicative functions. Unitary analogs of semimultiplicative functions have
not hitherto been studied in the literature. In Section 4 we indicate that these unitary
analogs are surprisingly related to rational arithmetical functions.
Our investigation shows that the way to overcome the difficulty of the
non-existence of the LCUM does make a difference and provides some new
connections between different areas in elementary number theory.

2. Least common unitary multiple
In this section we go into the LCUM in detail. We first point out the difficulty of the
non-existence of the LCUM (Section 2.1) and after that we present three different
ways to overcome this difficulty (Sections 2.2–2.4).
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2.1. Non-existence of the LCUM
It is well known that the set Zþ of positive integers is a poset under the usual
divisibility relation. It is likewise well known that the GCD and LCM operations
serve as the meet and the join on this poset. Thus Zþ is a lattice under the usual
divisibility relation, known as the divisor lattice. We recall that a divisor d 2 Zþ
of n 2 Zþ is said to be a unitary divisor of n and is denoted by d k n if (d, n/d) ¼ 1.
The unitary divisors ofQa prime power pa are 1 and pa. A general formula for the
unitary divisors of n ¼ p2P pn(p) can be written as
Y
pip ,
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p2P

where ip runs over the (one or two) values 0 and n( p) for all primes p. The number
of the unitary divisors of n is 2!(n), where !(n) is the number of distinct prime
divisors of n with !(1) ¼ 0. The concept of a unitary divisor originates from
Vaidyanathaswamy [42] and was further studied for example by Cohen [7].
We denote the GCUD of m and n as (m, n). The GCUD of m and n exists for
all m, n 2 Zþ and
Y
pðmð pÞ,nð pÞÞ ,
ðm, nÞ ¼
p2P

where (m( p), n( p)) ¼ m( p) if m( p) ¼ n( p), and (m( p), n( p)) ¼ 0 if m( p) 6¼ n( p).
We denote the LCUM of m and n as [m, n]. The LCUM of m and n exists if and
only if m( p) ¼ n( p), n( p) ¼ 0 or m( p) ¼ 0 for each prime p. For example, the LCUM
of 2 and 4 does not exist and the LCUM of 18 and 45 exists and is equal to 90. We
exhibit three solutions to overcome the difficulty of the non-existence of the LCUM.

2.2. Pseudo-LCUM
Hansen and Swanson [10] overcame the difficulty of the non-existence of the LCUM
by defining
½m, n ¼

mn
:
ðm, nÞ

ð2:1Þ

It is easy to see that [m, n]* exists for all m, n 2 Zþ and [m, n]* ¼ [m, n] when
[m, n] exists. Naturally, [m, n]* 6¼ [m, n] when [m, n] does not exist. For
example, [2, 4]* ¼ 8 but [2, 4] does not exist. It is not reasonable to say that 8 is the
LCUM of 2 and 4. We say that [m, n]* in (2.1) is the pseudo-LCUM of m and n.

2.3. 1-extended LCUM
Korkee [21] developed a lattice-theoretic extension of Zþ so that the LCUM always
exists in the extension and coincides with the LCUM in Zþ for the positive integers
possessing the LCUM in Zþ. In fact, it is easy to see that the unitary divisibility
relation is a partial ordering on Zþ. The GCUD operation serves as the meet on this
poset. Thus Zþ is a meet semilattice under the unitary divisibility relation.
Unfortunately, however, it is not a lattice, since the LCUM does not always exist.
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Korkee [21] embedded the unitary divisor meet semilattice (Zþ, k) in a lattice by
adding an element, denoted as 1, so that each n 2 Zþ is a unitary divisor of 1. Then
(Zþ [ {1}, k) is a lattice. We denote the join of m and n in the lattice (Zþ [ {1}, k)
by ½m, n1 and we say that ½m, n1 is the 1-extended LCUM of m and n. Then for m,
n 2 Zþ [ {1}, a ¼ ½m, n1 if and only if (1) m k a, n k a, and (2) m k b, n k b ) a k b.
We note that
(
½m, n if ½m, n exists,

½m, n1 ¼
1
otherwise.
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For example, ½18, 451 ¼ 90 and ½2, 41 ¼ 1: We also note that this approach
may be considered the one-point compactification [8] of the discrete topological
space Zþ.

2.4. p1-extended LCUM
In this subsection we propose a new way to embed the unitary divisor meet
semilattice (Zþ, k) in a lattice. We apply the one-point compactification with respect
to each set of prime powers {pa: a ¼ 0, 1, 2, . . .} and then apply the fundamental
theorem of arithmetic. This lattice may be considered a refinement of the lattice
adopted by Korkee [21].
Let p be a prime and denote Up ¼ {pa: a ¼ 0, 1, 2, . . .}. Let (Up, ) denote the
corresponding discrete topological space. Let ðUp ,   Þ be the one-point compactification [8] of (Up, ). We denote the added point (often called the point of infinity) by
p1. Thus Up ¼ fpa: a ¼ 0, 1, 2, . . . or a ¼ 1g ¼ f1, p, p2 , . . . , p1 g and * ¼  [  p1,
where  p1 consists of the sets of the form G [ {p1}, where G 2  and UpnG is compact
in Up. We define the multiplication  on Up as follows:
( 1
p
if a 6¼ b with 0 5 a, b  1, or a ¼ b ¼ 1,
a
b
p p ¼
pmaxfa,bg otherwise.
Then Up is a commutative compact topological semigroup of idempotents with
identity under the multiplication . We say that pa 2 Up is a unitary divisor
of pb 2 Up (denoted as pa k pb) if there exists pc 2 Up such that pb ¼ pa  pc. Then
1 k pa k p1 for all a ¼ 0, 1, 2, . . . , 1 and pa w pb for all 0 5 a, b 5 1 with a 6¼ b. It is
easy to see that ðUp , kÞ is a lattice and pa _ pb ¼ pa  pb for all a, b ¼ 0, 1, 2, . . . , 1.
For example, 1 _ p ¼ p, p _ p2 ¼ p1, p2 _ p2 ¼ p2, p2 _ p1 ¼ p1 for all p 2 P. We now
define Zþ as the topological product
Y
Up :
Zþ ¼
p2P

By Tychonoff’s theorem, Zþ is a commutative compact topological semigroup
of idempotents with identity under the point-wise multiplication . We can also
consider Zþ as the direct product
Y
Up
Zþ ¼
p2P
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of the lattices Up . Then (2a2, 3a3, 5a5, . . .) k (2b2, 3b3, 5b5, . . .) if and only if pap k pbp for
all p 2 P, where for each p 2 P, the relation pap k pbp is as in Up . Further,
ð2a2 , 3a3 , 5a5 , . . .Þ ^ ð2b2 , 3b3 , 5b5 , . . .Þ ¼ ð2a2 ^ 2b2 , 3a3 ^ 3b3 , 5a5 ^ 5b5 , . . .Þ
and
ð2a2 , 3a3 , 5a5 , . . .Þ _ ð2b2 , 3b3 , 5b5 , . . .Þ ¼ ð2a2 _ 2b2 , 3a3 _ 3b3 , 5a5 _ 5b5 , . . .Þ,
where for each p 2 P, the operations pap 6 pbp and pap _ pbp are as in Up . For example,
we have
ð2, 32 , 5, 73 , 1, 1, . . .Þ ^ ð1, 32 , 52 , 71 , 1, 1, . . .Þ ¼ ð1, 32 , 1, 73 , 1, 1, . . .Þ
and
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ð2, 32 , 5, 73 , 1, 1, . . .Þ _ ð1, 32 , 52 , 71 , 1, 1, . . .Þ ¼ ð2, 32 , 51 , 71 , 1, 1, . . .Þ:
The relation k on Zþ may be referred to as an extended unitary divisibility relation
and the binary operations 6 and _ on Zþ may be referred to as extended GCUD
and LCUM operations. The unitary divisor meet semilattice (Zþ, k) is thus
embedded inQthe lattice ðZþ , kÞ. As an illustration, the sublattice U2  U3 of the
lattice Zþ ¼ p2P Up is shown in Figure 1.
We use the term p1-extended LCUM for the join in ðZþ , kÞ and denote it by
½m, np1 : That is,
½m, np1 ¼ m _ n:
Note that in this notation p is not a fixed prime. It merely indicates that we extend
the concept of LCUM as in this section, that is, we insert the point of infinity in each
Up, p 2 P.
Example 2.1 If [m, n] exists, then ½m, np1 ¼ ½m, n1 ¼ ½m, n ¼ ½m, n : On the
other hand, for example ½2, 4 ¼ 8, ½2, 41 ¼ 1, ½2, 4p1 ¼ 21 and [2, 4] does not
exist.

∞

∞

(2 , 3 )
2

2

1

2

2

∞

2

3

1

3

3

1

3

2

∞

3

3

1

(1, 1)

Figure 1. U2  U3 .
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3. On determinants of GCUD reciprocal LCUM matrices
In this section we investigate the determinant of the three GCUD reciprocal LCUM
matrices arising from the three solutions presented in Section 2 to the difficulty of the
non-existence of the LCUM. In Section 3.1 we prove results from which in Section
3.2 we obtain our determinant formulas for GCUD reciprocal LCUM matrices as
corollaries.

3.1. General results
Let S ¼ {x1, x2, . . . , xn} be an ordered set of distinct positive integers and let f be an
arithmetical function such that f(x) 6¼ 0 for all x 2 Zþ. We first investigate the n  n
matrix (S)f defined on the set S having

Downloaded By: [Tampere University] At: 14:31 5 July 2010

f 2 ððxi , xj Þ Þ
f ðxi Þðxj Þ

ð3:1Þ

as its ij entry. Clearly such matrices are symmetric. Furthermore, rearrangements
of the elements of S yield similar matrices and consequently we may always assume
that x1 5 x2 5    5 xn. The unitary analog of the Möbius function is denoted by *
(see [7]). We adopt the notation
X
Bf ðxi Þ ¼
gf ðdÞ
ð3:2Þ
dkxi
dwxt
t5i

for all i ¼ 1, 2, . . . , n, where
gf ðxÞ ¼

X
dkx

 
x 
f
 ðdÞ:
d
2

By the unitary analog of the Möbius inversion formula [7] we have
X
f 2 ðxÞ ¼
gf ðdÞ:
dkx

ð3:3Þ

We now give a structure theorem for the matrix (S)f with respect to f on any set S.
THEOREM 3.1 Let S ¼ {x1, x2, . . . , xn} be a set of distinct positive integers and
let S ¼ fd1 , d2 , . . . , dm g be the minimal GCUD-closed set containing S. Let f be an
arithmetical function such that f(x) 6¼ 0 for all x 2 Zþ.
Define the n  m matrix C ¼ (cij) by
8 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
>
Bf ðdj Þ
>
<
if dj k xi
cij ¼
f ðxi Þ
>
>
:
0
otherwise:
Then (S)f ¼ CCT.
Proof

We adopt an argument similar to that in Beslin and Ligh [3, Proposition 1].
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The ij entry in CCT is equal to
m
X

cik cjk ¼

k¼1

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


X Bf ðdk Þ Bf ðdk Þ
dk kxi
dk kxj

f ðxi Þ

f ðxj Þ

¼

X
1
f ðxi Þf ðxj Þ d kðx ,x Þ
k

i

Bf ðdk Þ:

ð3:4Þ

j 

It follows from (3.2) that
X

X

X

dk kðxi ,xj Þ

dkdk
dwdt
dt 5 dk

Bf ðdk Þ ¼

dk kðxi ,xj Þ

gf ðdÞ
ð3:5Þ

and from (3.3) that
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f 2 ððxi , xj Þ Þ ¼

X

gf ðdÞ:

ð3:6Þ

dkðxi ,xj Þ

We next show that the sums on the right-hand sides of (3.5) and (3.6) are equal. It
is easy to see that these sums are non-repetitive, that is, each d is counted only once.
Now, consider the sum on the right-hand side of (3.5). Let dk k (xi, xj) and d k dk.
Then d k (xi, xj). Thus every d occuring on the right-hand side of (3.5) occurs on
the right-hand side of (3.6).
Conversely, consider the sum on the right-hand side of (3.6). Suppose that
d k (xi, xj), that is, d k xi, d k xj. Since S is GCUD-closed (xi, xj) ¼ dm for some m.
Then d k dm. Let dk be the least member of S such that d k dk. Then d w dt for dt 5 dk.
We shall prove that dk k (xi, xj), that is, dk k xi, dk k xj. Firstly, we prove that dk k xi.
In fact, since S is GCUD-closed, (xi, dk) ¼ dr for some dr  dk. Since d k xi, d k dk,
we have d k dr. By the minimality of dk we have dr ¼ dk. Since dr k xi, we obtain
dk k xi. Now the relation dk k xj follows by symmetry. Thus, dk k (xi, xj).
This completes the proof that the sums on the right-hand sides of (3.5) and (3.6)
are equal.
Now, by (3.4)–(3.6) we see that the ij entry in CCT is equal to
X
1
f ðxi Þf ðxj Þ d kðx ,x Þ
k

i

j 

Bf ðdk Þ ¼

X
1
f ðxi Þf ðxj Þ dkðx ,x Þ
i

gf ðdÞ ¼

j 

Thus, on the basis of (3.1), we obtain (S)f ¼ CCT.
COROLLARY 3.1

f 2 ððxi , xj Þ Þ
:
f ðxi Þf ðxj Þ
g

Let  denote the m  m diagonal matrix


 ¼ diag Bf ðd1 Þ, Bf ðd2 Þ, . . . , Bf ðdm Þ ,

where d1, d2, . . . , dm are as defined in Theorem 3.1, and let H ¼ (hij) denote the n  m
matrix
8
1
>
<
f
ðx
iÞ
hij ¼
>
:
0

if dj k xi
otherwise:
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Then
ðS Þf ¼ HHT :
Proof

Corollary 3.1 follows directly from Theorem 3.1, noting that C ¼ H1/2. g

We next investigate the determinant of the matrix (S)f with respect to f on
GCUD-closed set S.
THEOREM 3.2 Let S ¼ {x1, x2, . . . , xn} be a set of distinct positive integers. Let f be an
arithmetical function such that f(x) 6¼ 0 for all x 2 Zþ. If S is GCUD-closed, then
detðS Þf ¼

n B ðx Þ
Y
k
f
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k¼1

f 2 ðxk Þ

:

Proof Since S is a GCUD-closed set, we have S ¼ S: By Theorem 3.1, (S)f ¼ CCT,
where C is a lower triangular matrix with

ckk ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bf ðxk Þ
f ðxk Þ

for k ¼ 1, 2, . . . , n. Therefore,
detðS Þf ¼ detðCCT Þ ¼ det C det CT ¼ ðdet CÞ2 ¼

n B ðx Þ
Y
k
f
k¼1

f 2 ðxk Þ

:

g

We now investigate the determinant of the matrix (S)f with respect to f on an
arbitrary finite set S.
THEOREM 3.3 Let S ¼ fx1 , x2 , . . . , xn , . . . , xnþs g be the minimal GCUD-closed set
containing S ¼ {x1, x2, . . . , xn}, where x1 5 x2 5    5 xn and xnþ1 5 xnþ2 5    5
xnþs. Let f be an arithmetical function such that f(x) 6¼ 0 for all x 2 Zþ. Then
detðS Þf ¼

X



2
det Hðk1 ,k2 ,...,kn Þ Bf ðxk1 ÞBf ðxk2 Þ    Bf ðxkn Þ,

1k1 5k2 55kn nþs

where H(k1, k2, . . . , kn) is the submatrix of H consisting of its k1-th, k2-th, . . . , kn-th
columns and H is as given in Corollary 3.1.
Proof Theorem 3.1 says that (S)f ¼ CCT and thus det(S)f ¼ det(CCT). By the
Cauchy–Binet formula [9, p. 9] we obtain
detðCCT Þ ¼

X

det Cðk1 ,k2 ,...,kn Þ det CTðk1 ,k2 ,...,kn Þ ,

1k1 5k2 55kn nþs

where C(k1, k2, . . . , kn) is the submatrix of C consisting of its k1-th, k2-th, . . . , kn-th
columns. Further
det CTðk1 ,k2 ,...,kn Þ ¼ det Cðk1 ,k2 ,...,kn Þ ¼

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Bf ðxk1 ÞBf ðxk2 Þ    Bf ðxkn Þ det Hðk1 ,k2 ,...,kn Þ
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and hence
detðS Þf ¼

X


2
det Hðk1 ,k2 ,...,kn Þ Bf ðxk1 ÞBf ðxk2 Þ    Bf ðxkn Þ:

g

1k1 5k2 55kn nþs

3.2. GCUD reciprocal LCUM matrices
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We now define the GCUD reciprocal LCUM matrices arising from the extensions of
the concept of LCUM presented in Section 2.
Definition 3.1 Let S ¼ {x1, x2, . . . , xn} be a set of distinct positive integers and let
f be an arithmetical function such that f(x) 6¼ 0 for all x 2 Zþ. We denote by (S)f
the n  n matrix having f((xi, xj)) as its ij entry, and similarly we denote by [S*]f the
n  n matrix having f([xi, xj]*) as its ij entry. Now, we denote by (S)f/[S*]f the n  n
matrix having f((xi, xj))/f([xi, xj]*) as its ij entry, that is, (S)f/[S*]f is the
Hadamard quotient of the matrices (S)f and [S*]f. The matrix (S)f/[S*]f
may be referred to as the GCUD reciprocal pseudo-LCUM matrix on S with respect
to f. The matrices ½S1 f , ½Sp1 f , ðS Þf =½S1 f and ðS Þf =½Sp1 f are defined
analogously.
We next convert Theorems 3.2 and 3.3 to the various GCUD reciprocal LCUM
matrices. This is possible for certain types of functions f. We introduce these classes
of functions in the next definition.
Definition 3.2 Let T Zþ. We say that a complex-valued function f defined on the
set Zþ (that is, an arithmetical function f ) is pseudo-unitarily semimultiplicative
on T if
f ððm, nÞ Þf ð½m, n Þ ¼ f ðmÞf ðnÞ, 8m, n 2 T,

ð3:7Þ

a complex-valued function g defined on the set Zþ [ {1} is 1-unitarily
semimultiplicative on T if
gððm, nÞ Þgð½m, n1 Þ ¼ gðmÞgðnÞ, 8m, n 2 T

ð3:8Þ

and a complex-valued function h defined on the set Zþ is p1-unitarily
semimultiplicative on T if
hððm, nÞ Þhð½m, np1 Þ ¼ hðmÞhðnÞ, 8m, n 2 T:
Remark 3.1
p. 237] if

ð3:9Þ

An arithmetical function f is said to be semimultiplicative [38,

f ððm, nÞÞf ð½m, nÞ ¼ f ðmÞf ðnÞ, 8m, n 2 Zþ :

ð3:10Þ

The functions in Definition 3.2 may thus be referred to as unitary analogs of
semimultiplicative functions on T. Note that these unitary analogs depend on the
way to define the concept of LCUM. We analyse these classes of functions of
Definition 3.2 in Section 4. For simplicity we there assume that T ¼ Zþ.
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The following three corollaries are direct consequences of Theorem 3.2.
COROLLARY 3.2 Let S ¼ {x1, x2, . . . , xn} be a set of distinct positive integers and let
f be a complex-valued function defined on the set Zþ such that f(x) 6¼ 0 for all x 2 Zþ.
If S is GCUD-closed and f is pseudo-unitarily semimultiplicative on S, then
n B ðx Þ

 Y
k
f
:
det ðS Þf =½S f ¼
2 ðx Þ
f
k
k¼1

Downloaded By: [Tampere University] At: 14:31 5 July 2010

COROLLARY 3.3 Let S ¼ {x1, x2, . . . , xn} be a set of distinct positive integers and let
f be a complex-valued function defined on the set Zþ [ {1} such that f(x) 6¼ 0 for all
x 2 Zþ [ {1}. If S is GCUD-closed and f is 1-unitarily semimultiplicative on S, then
n B ðx Þ

 Y
k
f
:
det ðS Þf =½S1 f ¼
2 ðx Þ
f
k
k¼1

COROLLARY 3.4 Let S ¼ {x1, x2, . . . , xn} be a set of distinct positive integers and let
f be a complex-valued function defined on the set Zþ such that f(x) 6¼ 0 for all x 2 Zþ . If
S is GCUD-closed and f is p1-unitarily semimultiplicative on S, then
n B ðx Þ
h
i Y
k
f
:
det ðS Þf =½Sp1 f ¼
2
f ðxk Þ
k¼1

Example 3.1 Let S ¼ {x1, x2, . . . , xn} be a GCUD-closed ordered set of distinct
positive integers and let  be a real number. Let f(x) ¼ x for all x 2 Zþ. Then
n

 Y
B ðxk Þ
,
det ðS Þf =½S f ¼
2
k¼1 ðxk Þ

where
B ðxi Þ ¼

X

J2 ðdÞ

dkxi
dwxt
t5i

for all i ¼ 1, 2, . . . , n, and J2 is the unitary analogue
of the Jordan totient function.
P
The function Ju , u 2 R, is defined as Ju ðnÞ ¼ dkn d u  ðn=dÞ and was first introduced
for u 2 Zþ in [27].
The following three corollaries are direct consequences of Theorem 3.3. In these
corollaries S ¼ fx1 , x2 , . . . , xn , . . . , xnþs g is the minimal GCUD-closed set containing
S ¼ {x1, x2, . . . , xn}, where x1 5 x2 5    5 xn and xnþ1 5 xnþ2 5    5 xnþs.
COROLLARY 3.5 Let f be a complex-valued function defined on the set Zþ such that
f(x) 6¼ 0 for all x 2 Zþ. If f is pseudo-unitarily semimultiplicative on S, then
X



2
det ðS Þf =½S f ¼
det Hðk1 ,k2 ,...,kn Þ Bf ðxk1 ÞBf ðxk2 Þ    Bf ðxkn Þ,
1k1 5k2 55kn nþs
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where H(k1, k2, . . . , kn) is the submatrix of H consisting of its k1-th, k2-th, . . . , kn-th
columns.
COROLLARY 3.6 Let f be a complex-valued function defined on the set Zþ [ {1} such
that f(x) 6¼ 0 for all x 2 Zþ [ {1}. If f is 1-unitarily semimultiplicative on S, then
X



2
det ðS Þf =½S1 f ¼
det Hðk1 ,k2 ,...,kn Þ Bf ðxk1 ÞBf ðxk2 Þ    Bf ðxkn Þ:
1k1 5k2 55kn nþs

COROLLARY 3.7 Let f be a complex-valued function defined on the set Zþ such that
f(x) 6¼ 0 for all x 2 Zþ . If f is p1-unitarily semimultiplicative on S, then
h
i
det ðS Þf =½Sp1 f ¼

X


2
det Hðk1 ,k2 ,...,kn Þ Bf ðxk1 ÞBf ðxk2 Þ    Bf ðxkn Þ:
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1k1 5k2 55kn nþs

Remark 3.2 We considered above determinants of GCUD reciprocal LCUM
matrices with respect to f. Taking f ¼ 1/h we obtain expressions for determinants of
LCUM reciprocal GCUD matrices with respect to h. Thus in this case we know
a relation between the determinant of a matrix and its Hadamard inverse.
Remark 3.3 The semi-unitary LCM of m and n is the least unitary multiple of m
which is a multiple of n, and the semi-unitary GCD of m and n is the greatest unitary
divisor of m which is a divisor of n. It would be possible to examine the determinants
of semi-unitary LCM reciprocal semi-unitary GCD matrices with the same methods
as above. We do not go into the details here.

4. Properties of the unitary analogs of semimultiplicative functions
In Definition 3.2 we introduced certain classes of functions (depending on the way
to define the LCUM) for the purpose of our formulas for determinants. These classes
of functions have not previously been studied in the literature. This suggests we
investigate their basic properties. The classes of functions to be studied are pseudounitarily semimultiplicative functions, 1-unitarily semimultiplicative functions and
p1-unitarily semimultiplicative functions on T. For the sake of simplicity we confine
ourselves to the case T ¼ Zþ. It appears that there are differences between these
classes of functions and thus this shows that the way to overcome the difficulty of the
non-existence of the LCUM does make a difference. At first we review some
preliminaries on arithmetical functions.

4.1. Preliminaries on arithmetical functions
An arithmetical function f is said to be quasimultiplicative if f(1) 6¼ 0 and
f ð1Þf ðmnÞ ¼ f ðmÞf ðnÞ

ð4:1Þ

for all m, n 2 Zþ with (m, n) ¼ 1. Quasimultiplicative functions f may also be
characterized as semimultiplicative functions with f(1) 6¼ 0, see (3.10). A quasimultiplicative function f is said to be multiplicative if f(1) ¼ 1. An arithmetical function
f with f(1) 6¼ 0 is multiplicative if and only if f/f(1) is quasimultiplicative.
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A multiplicative function is totally determined by its values at prime powers.
A multiplicative function f is said to be completely multiplicative if
f ðmnÞ ¼ f ðmÞf ðnÞ
for all m, n 2 Zþ. A completely multiplicative function is totally determined by its
values at primes. A multiplicative function f is said to be strongly multiplicative
if f( pa) ¼ f( p) for all prime powers pa with a 1.
The Dirichlet convolution of arithmetical functions f and g is defined as
X
ð f  gÞðnÞ ¼
f ðdÞgðn=dÞ:
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djn

The function , defined as (1) ¼ 1 and (n) ¼ 0 otherwise, serves as the identity under
the Dirichlet convolution. The Dirichlet inverse of f exists if and only if f(1) 6¼ 0 and
it is denoted as f 1.
An arithmetical function f is said to be a rational arithmetical function of order
(r, s) if
f ¼ g1  g2      gr  h1 1  h2 1      hs 1 ,
where g1, g2, . . . , gr, h1, h2, . . . , hs are completely multiplicative functions. Rational
arithmetical functions of order (1, 1) are called totients.
The Bell series of a multiplicative function f to the base p is defined as the formal
power series
fp ðxÞ ¼

1
X

f ð pn Þxn :

n¼0

It is known that a multiplicative function f is a rational arithmetical function of order
(r, s) if and only if for each prime p, fp(x) is of the form
fp ðxÞ ¼

1 þ a1 ð pÞx þ a2 ð pÞx2 þ    þ as ð pÞxs
,
1 þ b1 ð pÞx þ b2 ð pÞx2 þ    þ br ð pÞxr

ð4:2Þ

where a1( p), a2( p), . . . , as( p), b1( p), b2( p), . . . , br( p) are complex numbers.
General material on arithmetical functions can be found from the books
[2,26,36,37,38]. Reference to rational arithmetical functions is made in
[6,11,15,35,42].

4.2. Pseudo-unitarily semimultiplicative functions
In this section we examine properties of pseudo-unitarily semimultiplicative
functions on Zþ.
THEOREM 4.1 If f is pseudo-unitarily semimultiplicative on Zþ and f(1) ¼ 1, then f is
multiplicative and
f ð pa Þ ¼ f ð pÞa 2 f ð p2 Þ
for all primes p and integers a

2.

ð4:3Þ
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Proof Taking m, n 2 Zþ with (m, n) ¼ 1 in (3.7) we obtain f(mn) ¼ f(m)f(n). This
means that f is multiplicative.
We proceed by induction on a to prove that (4.3) holds. For a ¼ 2, Equation (4.3)
holds trivially. Assume then that (4.3) holds for a ¼ k (k 2). We prove that (4.3)
holds for a ¼ k þ 1. From the assumption f(1) ¼ 1 and the properties of GCUD and
pseudo-LCUM we obtain
f ð pkþ1 Þ ¼ f ð1Þf ð pkþ1 Þ ¼ f ðð p, pk Þ Þf ð½p, pk  Þ:
Applying the above equation, Equation (3.7) and the induction assumption we
obtain
f ð pkþ1 Þ ¼ f ð pÞf ð pk Þ ¼ f ð pÞk 1 f ð p2 Þ:
g

This completes the induction.
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Remark 4.1

The converse of Theorem 4.1 does not hold.

THEOREM 4.2 If f is multiplicative and satisfies (4.3) for all primes p and integers
a 2, then f is a rational arithmetical function of order (1, 2).
Proof It is sufficient to show that the Bell series of f to the base p is of the form (4.2)
with r ¼ 1 and s ¼ 2. On the basis of (4.3) we have
fp ðxÞ ¼ 1 þ f ð pÞx þ

1
X

f ð pÞn 2 f ð p2 Þxn

n¼2

¼ 1 þ f ð pÞx þ f ð p2 Þx2

1
X

f ð pÞn xn :

n¼0

According to the summation of a geometric series we obtain
fp ðxÞ ¼ 1 þ f ð pÞx þ
¼

1

f ð p2 Þx2
1 f ð pÞx

ð f ð pÞ2 f ð p2 ÞÞx2
:
1 f ð pÞx

This completes the proof.
Remark 4.2

g

The converse of Theorem 4.2 does not hold.

Remark 4.3 Replacing the condition f (1) ¼ 1 with the condition f (1) 6¼ 0 would lead
to quasimultiplicative functions in Theorems 4.1 and 4.2. We do not present the
details.
Our investigation above showed that the class of pseudo-unitarily semimultiplicative functions on Zþ having f (1) ¼ 1 is a subclass of the class of functions satisfying
f( pa) ¼ f( p)a 2f( p2) for all a 2 and for all primes p. Further, the latter class is
a subclass of the class of rational arithmetical functions of order (1, 2). It is clear that
the class of rational arithmetical functions of order (1, 2) is a subclass of the class
of multiplicative functions. Note that if f is pseudo-unitarily semimultiplicative
on Zþ, then f is pseudo-unitarily semimultiplicative on T for all T Zþ.

612

P. Haukkanen et al.

4.3. 1-unitarily semimultiplicative functions
We now examine properties of 1-unitarily semimultiplicative functions on Zþ.
THEOREM 4.3 If f : Zþ [ {1} ! C is 1-unitarily semimultiplicative on Zþ such that
f( pa) 6¼ 0 for all primes p and positive integers a, then f is a constant function.
Proof Applying (3.8) with (m, n) ¼ 1 we see that (4.1) holds for all m, n 2 Zþ with
(m, n) ¼ 1, that is, f is quasimultiplicative on Zþ. Now, let p be a prime and let a and b
be positive integers with a 6¼ b. Then ½pa , pb 1 ¼ 1, ( pa, pb) ¼ 1. Taking m ¼ pa
and n ¼ pb in (3.8) we obtain
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f ð pa Þf ð pb Þ ¼ f ðð pa , pb Þ Þf ð½pa , pb 1 Þ ¼ f ð1Þf ð1Þ ¼ c (a constant):
Applying (4.4) to a ¼ 1, b ¼ u(u 2)
f( p)f( pu) ¼ f( p)f( p2) ¼ c, and since f( p) 6¼ 0,
Similarly, applying (4.4) to a ¼ 2, b ¼ u(u
f( p2) 6¼ 0, we obtain f( pu) ¼ f( p) for all u 3.

ð4:4Þ

and a ¼ 1, b ¼ 2 we see that
we obtain f( p2) ¼ f( pu) for all u 2.
3) and a ¼ 2, b ¼ 1 and noting that
Therefore,

f ð pu Þ ¼ f ð pÞ for all u

1:

ð4:5Þ

Now let p1 and p2 be distinct primes and take m ¼ p1p2 and n ¼ p1 p22 in (3.8). Then
we obtain
f ð p1 Þf ð1Þ ¼ f ð p1 p2 Þf ð p1 p22 Þ:
Applying (4.1) with m ¼ p1, n ¼ p2 we arrive at
f ð p1 Þf ð1Þ ¼ f ð p1 Þf ð p2 Þf ð p1 Þf ð p22 Þf ð1Þ 2 :
Then, on the basis of (4.4) we deduce that
f ð p1 Þ ¼ f ð1Þ ¼ f ð1Þ:

ð4:6Þ

From (4.5) and (4.6) we see that f ( pu) ¼ f (1) for all primes p and positive integers u.
Finally, using (4.1) we can verify that
f ðN Þ ¼ f

Y
r
i¼1

for all N

i
pN
i


¼ f ð1Þ

rþ1

r
Y

i
f ð pN
i Þ ¼ f ð1Þ ¼ f ð1Þ (a constant)

i¼1

2 and therefore f is a constant function.

g

Remark 4.4 Clearly if f : Zþ [ {1} ! C is a constant function, then f is 1-unitarily
semimultiplicative on Zþ.
Remark 4.5 In this article we do not analyse 1-unitarily semimultiplicative
functions with f( pa) ¼ 0 for a positive integer a, since in our determinant formulas
in Section 3 we assume that f(x) 6¼ 0 for all x 2 Zþ [ {1}.
Remark 4.6 If f is a constant function, then the determinant in Corollaries 3.3 and
3.6 is zero. However, these corollaries are not trivial, since there exists various sets
S for which there exists non-constant 1-unitarily semimultiplicative functions on
S and the determinant is also non-zero.
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4.4. p1-unitarily semimultiplicative functions
We next examine properties of p1-unitarily semimultiplicative functions on Zþ.
THEOREM 4.4 If f : Zþ ! C is p1-unitarily semimultiplicative on Zþ such that
f(1) ¼ 1 and f( pa) 6¼ 0 for all primes p and positive integers a, then
(1) the restriction fZ of f to Z is a strongly multiplicative function (that is,
f( pa) ¼ f( p))
(2) f( p1) ¼ f( p)2 for all primes p.
Proof Taking m, n 2 Zþ with (m, n) ¼ 1 in (3.9) we see that fZ is multiplicative.
Now, let p be a prime. Then for all positive integers a and b with a 6¼ b, taking m ¼ pa
and n ¼ pb in (3.9), we obtain
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f ð pa Þf ð pb Þ ¼ f ð p1 Þ:
From this we can deduce after some calculations that f( pa) ¼ f( p) for all positive
g
integers a and f( p1) ¼ f( p)2. This completes the proof.
Remark 4.7 The converse of Theorem 4.4 does not hold. However, the following
equivalence holds.
Let f : Zþ ! C be a function such that f(1) ¼ 1 and f( pa) 6¼ 0 for all primes p and
positive integers a. Then
f ððm, nÞ Þf ð½m, np1 Þ ¼ f ðmÞf ðnÞ 8m, n 2 Zþ
if and only if
f ðmnÞ ¼ f ðmÞ f ðnÞ for all m, n 2 Zþ with ðm, nÞ ¼ 1,
f ð pa Þ ¼ f ð pÞ for all primes p and a 2 Zþ ,
f ð p1 Þ ¼ f ð pÞ2 for all primes p:
as the
Here, for m, n 2 Zþ , (m, n) ¼ m 6 n, ½m, np1 ¼ m _ n and (m, n) is defined
Q
sequence (2min{m(2),n(2)}, 3min{m(3),n(3)}, . . . , pmin{m(p),n(p)},. . .) in Zþ ¼ p2P Up or
equivalently (m, n) is defined as the formal product
Y
pminfmð pÞ,nð pÞg ,
ðm, nÞ ¼
p2P

where min{a, 1} ¼ a for all a 2 Zþ [ {1} (Section 2.4.). We do not present the proof.
Example 4.1

Let f : Zþ ! C be defined as
f ð1Þ ¼ 1,
f ð pa Þ ¼ p for all primes p and a 2 Zþ ,
f ð p1 Þ ¼ p2 for all primes p,
f ðmnÞ ¼ f ðmÞf ðnÞ for all m, n 2 Zþ with ðm, nÞ ¼ 1:

Now f is p1-unitarily semimultiplicative function on Zþ, but f is not 1-unitarily
semimultiplicative function on Zþ.
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THEOREM 4.5 If f : Zþ ! C is strongly multiplicative, then f is a rational arithmetical
function of order (1, 1) (that is, f is a totient).
Proof

If f is strongly multiplicative, then direct calculation shows that
fp ðxÞ ¼ 1 þ f ð pÞ

1
X

xn ¼ 1 þ

n¼1

¼

1

ð1
1

f ð pÞx
1 x

f ð pÞÞx
:
x

Thus, according to (4.2), f is a rational arithmetical function of order (1, 1).
This completes the proof.
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Remark 4.8

g

The converse of Theorem 4.5 does not hold.

We have shown that pseudo-unitarily semimultiplicative functions, 1-unitarily
semimultiplicative functions and p1-unitarily semimultiplicative functions form
classes of functions that differ from each other. Thus we have shown that it does
make a difference how we decide to overcome difficulties occuring when defining the
LCUM of positive integers.
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[16] P. Haukkanen, J. Wang, and J. Sillanpää, On Smith’s determinant, Linear Algebra Appl.
258 (1997), pp. 251–269.
[17] S. Hong, GCD-closed sets and determinants of matrices associated with arithmetical
functions, Acta Arith. 101 (2002), pp. 321–332.
[18] S. Hong and R. Loewy, Asymptotic behavior of eigenvalues of greatest common divisor
matrices, Glasgow Math. J. 46 (2004), pp. 551–569.
[19] P. Ilmonen, P. Haukkanen, and J. Merikoski, On eigenvalues of meet and join matrices
associated with incidence functions, Linear Algebra Appl. 429 (2008), pp. 859–874.
[20] I. Korkee, On a combination of meet and join matrices, JP J. Algebra Number Theory
Appl. 5 (2005), pp. 75–88.
[21] I. Korkee, On meet and join matrices associated with incidence functions. Ph.D. thesis, Acta
Universitatis Tamperensis 1149, Tampere University Press, Tampere, 2006.
[22] I. Korkee and P. Haukkanen, On meet and join matrices associated with incidence
functions, Linear Algebra Appl. 372 (2003), pp. 127–153.
[23] I. Korkee and P. Haukkanen, On the divisibility of meet and join matrices, Linear Algebra
Appl. 429 (2008), pp. 1929–1943.
[24] P. Lindqvist and K. Seip, Note on some greatest common divisor matrices, Acta Arith. 84
(1998), pp. 149–154.
[25] J.-G. Luque, Hyperdeterminants on semilattices, Linear Multilinear Algebra 56 (2008),
pp. 333–344.
[26] P.J. McCarthy, Introduction to Arithmetical Functions, Springer Verlag, New York, 1986.
[27] K. Nageswara Rao, On the unitary analogues of certain totients, Monatsh. Math. 70
(1966), pp. 149–154.
[28] A. Nalli, An inequality for the determinant of the GCD-reciprocal LCM matrix and the
GCUD-reciprocal LCUM matrix, Int. Math. J. 4 (2003), pp. 1–6.
[29] A. Nalli and D. Tas ci, On the GCUD-reciprocal LCUM matrices, JP J. Algebra Number
Theory Appl. 3 (2003), pp. 245–257.
[30] A. Nalli and D. Tas ci, The results related with the determinants of GCD-reciprocal LCM
matrices and GCUD-reciprocal LCUM matrices, Int. Math. J. 3 (2003), pp. 455–459.
[31] A. Nalli and D. Tas ci, The GCD-reciprocal LCM matrices on LCM-closed sets, Int. Math.
J. 3 (2003), pp. 461–466.
[32] A. Nalli and D. Tas ci, On the GCD-reciprocal LCM matrices, Ultra Sci. Phys. Sci. 16
(2004), pp. 77–82.
[33] A. Nalli and D. Tas ci, The GCD-reciprocal LCM matrices on GCD-closed sets, Math.
Comput. Appl. 9 (2004), pp. 101–106.
[34] J.S. Ovall, An analysis of GCD and LCM matrices via the LDLT-factorization, Electron. J.
Linear Algebra 11 (2004), pp. 51–58.
[35] J. Rutkowski, On recurrence characterization of rational arithmetic functions, Funct.
Approx. Comment. Math. 9 (1980), pp. 45–47.
[36] J. Sándor and B. Crstici, Handbook of Number Theory II, Kluwer, Dordrecht, 2004.
[37] H.N. Shapiro, Introduction to the Theory of Numbers, A Wiley-Interscience Publication,
New York, 1983.
[38] R. Sivaramakrishnan, Classical Theory of Arithmetic Functions, Marcel Dekker, Inc.,
New York, 1989.
[39] H.J.S. Smith, On the value of a certain arithmetical determinant, Proc. London Math. Soc.
7 (1875/76) 208-212.
[40] N. Tuglu and D. Tas ci, On the LCUM-reciprocal GCUD matrices, C. R. Acad. Bulgare
Sci. 55 (2002), pp. 17–20.

616

P. Haukkanen et al.

Downloaded By: [Tampere University] At: 14:31 5 July 2010

[41] N. Tuglu and D. Tas ci, On the LCM-reciprocal GCD matrices, Far East J. Math. Sci.
(FJMS) 6 (2002), pp. 89–94.
[42] R. Vaidyanathaswamy, The theory of multiplicative arithmetic functions, Trans. Am.
Math. Soc. 33 (1931), pp. 579–662.
[43] A. Wintner, Diophantine approximations and Hilbert’s space, Am. J. Math. 66 (1944),
pp. 564–578.

